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Some Mathematical Issues in the Relationship between
Respiratory Exchange Ratio and Carbon Dioxide Pressure
during Rebreathing

Katsuo UCHIDA

Abstract :Respiratory exchange ratio (RER) decreases with increasing carbon dioxide
pressure (Pco,) during rebreathing with an equation y = — Kx + L,, where x and y are Pco,
and RER, respectively, and K, and L, are positive constants. The linear regression of RER
on Pco; in a different condition is y = —Kuox + L,. The two regression lines intersect at a
point. If the third regression line in another condition passes the crossing point, the
regression line can be written as y = — {(K; + kKy)/(1 + k)}x + (L + kL.)/(1 + k) = —-Ksx +
L; with a constant k. We found that there are three conditions for k to characterize the
slope (K;) and intercept (Ls) of the third regression line: (1) k <—1, then K; < K, <K, and
Li<L,<L, (2)-1<k<0,then K; <K, <K;and L, <L, <Ls, and (3) 0 <k, then K, <
K; <K, and L, < L; < L,. Physiological meanings of the crossing point of the regression

lines and the constant k are also discussed.
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Introduction

Rebreathing is a closed respiration system to inspire ex-
haled gas using a bag. Because of the closed system
oxygen is consumed and carbon dioxide is accumu-
lated in a rebreathing bag. When rebreathing is started
with a bag containing room-air, O, concentration in the
bag linearly falls and CO. concentration exponentially
rises, which are due to the partial pressure differences
between alveolar gas and mixed venous blood
(Mochizuki et al., 1984; Uchida et al., 1986). On the
bases of such concentration changes, respiratory ex-
change ratio (RER) during rebreathing was shown to
be lineally decreased with increasing CO, pressure
(Pco>) in the bag (Uchida, 2001). The slope of the lin-
ear regression of RER on Pco, at rest is altered by
exercise, because oxygen uptake (%2) and carbon diox-
ide output (I./(.‘«Oz) are stimulated by exercise. The two
regression lines at rest and during exercise intersect at

a point. We found that the third regression line during

exercise with different intensity passes the crossing
point under three conditions. In the present paper
physiological meanings of the crossing point and the

three conditions are also discussed.

Linear regression of RER on Pco,
A linear fall of O, concentration (F(t)) and an exponen-
tial rise of CO, concentration (G(t)) during rebreathing
are described as

F(t)y=A-Bt , (1)

Gt)=Go— (Go— Goexp(—Ct) , 2)
where A, B and C are positive constants and Go and Ge
represent CO, concentrations at the start and the end of
rebreathing, respectively. Based on these equations we
have a negative linear regression of RER on Pco, dur-
ing rebreathing (Uchida 2001)

RER = —(C/B) Pcox(t) /( Ps —47) + (C/B)G»

3)

where Pcoa(t) is a time-dependent CO, pressure in a re-
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breathing bag and Ps is a barometric pressure.
Equation (3) can be written as

y=-Kx+L , 4
with K and L as positive constants and x and y corre-
spond to Pco; (t) and RER, respectively (Fig. 1).
The intercepts on the x and y axes are L/K and L, re-
spectively. Because RER is defined as Veos i/Oz, and
increases in o, and Ve by exercise are not the same
during rebreathing, the slope K and intercept L at rest
(K and L) are different from those during exercise (K.
and L,) :

at rest y=—Kx+L, , &)
y=-Kx+L, . (6)
Experimentally we showed that K, > K, and L, > L,
(Ito and Uchida, unpublished data).

during exercise

Crossing point of the two regression lines
As shown in Fig. 2 coordinates of the crossing point of

the two regression lines Egs. (5) and (6) are (p, q),

where
pP= (Ll - LZ)/(KI - Kz) 5 (7)
q= (Kle - Kle)/(K] - Kz) . (8)

In general the equation of a linear line passing through
the crossing point of Egs. (5) and (6) is written as
(Akiyama 1991)

K1x+y—L1+k(K;x+y—Lz)=0 (9)
y
L
5
S
0 L/K x
Pco:

Fig.1 Linear regression of RER on Pco: written as y
=—-Kx + L, where x and y correspond to Pco:
and RER , respectively and K and L are posi-
tive constants.
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with a constant k. The following three specific condi-
tions for k should be excluded; k =0, — 1 and — K,/K..

If k = 0, the third line coincides with that described by
Eq. (5). Ifk=-1 and — K//K,, the third line is parallel
to the y and x axes, respectively (Fig. 3).

Characteristics of the third regression line
Equation (9) is arranged to

y=—{(Ki+kKy)/(1 +k)}x + (Li + kL,)/(1 + k). (10)
Since K, >K,>0and L, > L, >0, K, and L, are written
as

Ki=K;+m R (11)

Li=L+n (12)
with positive constants m and n.
Eliminating K, and L, from Eq. (10) with Egs. (11) and
(12), we have

y=—{K;+m/(1 +k)}x+L,+n/(1+k)=-Ksx+L;

13)

Here,
K=K;+m/(1+k) , (14)
L;=L,+n/(1 +k) . (15)

The K; and L; are larger than K, and L., respectively, if
m/(1 + k) and n/(1 + k) are positive, and smaller if m/(1
+ k) and n/(1 + k) are negative. Figure 4 shows how
m/(1 + k) or n/(1 + k) varies with k. Ifk>—1, m/(1 +
k) and n/(1 + k) > 0, and therefore K; > K, and L; > L..

RER

0 P Li/Ki Lo/Ko X

Pco:

Fig.2 Linear regression lines in different conditions:
y=-Kix + L, at rest and y = - Kux + L. during
exercise. The coordinates of a crossing point of
the two regression lines is (p, q), where p = (L:
- Lz)/(K1 - Kz) and q= (K]Lz - K2L1)/(K1 —Kz).
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Fig.3 The third regression line in another condition

can be written as y = — (Ki + kKK»)/(1 + k)x + (L
+ kL.)/(1 + k) with a constant k. For the re-
gions W, @ and @, see Table 1.

Ifk<—1, m/(1 +k)and n/(1 + k) <0, and therefore K;
<K;and L; <L,.
Eliminating K, and L, from Eq. (10) with Eqgs. (11) and
(12), we have

y=—{K;—mk/(1 +k)}x+ L, —nk/(1 +k)

=-Kix+Ls (16)
Here,

K; =K, -mk/(1 +k) , 17

Ls=L,-nk/(1 +k) (18)

The K; and L; are larger than K, and L, respectively, if
mk/(1 + k) and nk/(1 + k) are negative, and smaller if
mk/(1 + k) and nk/(1 + k) are positive. Figure 5 shows
how mk/(1 + k) or nk/(1 + k) varies with k. If —1 <k
<0, mk/(1 + k) and nk/(1 + k) <0, and therefore K; >
Liand L; > L. Ifk>0ork<-1, mk/(1 + k) and nk/(1
+ k) > 0, and therefore K; <K, and L; <L..

In summary, there are three conditions for k to charac-
terize Ks and Ls according to Egs. (14), (15), (17) and
(18) with positive constants m and n (Table 1). The re-
gions where the third regression line exists are divided
into @, @ and @ in Fig. 3.

Physiological meaning of the crossing point

Equation (4) shows that RER is reduced with increas-
ing Pco, in a rebreathing bag. When Pco; is equal to
alveolar Pco, (Pacoz), RER is possibly to be 0.8, which

m
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T 0 k
Fig.4 How m/(1 + k) or n/(1 + k) varies with k.
mk nk
1+k O 14k
10 k
Fig.5 How mk/(1 + k) or nk/(1 + k) varies with k.
Table 1 Characterization of K; and L; with the con-
stant k.
—K/K;<k<—1 —1<k<0 0<k
m/(1 + k) — + +
mk/(1 + k) + — +
K, K <K, <K, K, <K, <Ki|K; <K; <K,
n/(1 +k) — + +
nk/(1 + k) + — +
L, L <L, <L L<L <Ly L<L <L
® @© @

The regions in the bottom line exist in Fig. 3.
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is a mean respiratory quotient at a resting steady state.
Then, from Eq. (5),

Pico, = (L - 0.8)/K, . (19)
If RER is also 0.8 at Paco. during exercise,

Pico,= (L, - 0.8)/K, . (20)
From Egs. (19) and (20),

Pico, = (L —0.8)/K; = (L. - 0.8)/K; . 21

If a/b = ¢/d = r with constants a, b, ¢, d and r, we have
(a-c)(b-d)=(@b-rd)/(b-d)y=r=ab=c/d
(22)
Therefore, from Egs. (19), (20) and (21) Paco: is writ-
ten as
Pico, = (L —Ly)/(K, —K,) , (23)
indicating that the x-coordinate of the crossing point

corresponds to Psco, (Eq. (7)).

Physiological meaning of the constant k
According to Table 1, if -1 <k <0, the third regression
line exists in the region (D in Fig. 3, if 0 <k, in the re-
gion @, and if —-K/K, < k < -1, in the region 3.
Physiologically the slope K, and the intercept L, at rest
are the largest and the harder exercise intensity, the
smaller K and L. Therefore, K; (L) at rest is larger
than K; (L;) during exercise, and the third regression
line does not exist in the region (D . The constant k re-

flects the magnitude of exercise intensity and

=
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determines the third line exists in whether @ or 3 . If
0 <k, exercise intensity is lower than that in exercise
corresponding to Eq. (6), and the third regression line
exists in the region @) . If —K./K, <k <— 1, exercise in-
tensity is higher than that in exercise corresponding to
Eq. (6), and the third regression line exists in the region
@ . It can be said that the constant k has a physiologi-

cal meaning to determine exercise intensity.
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